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Abstract 



In the context of general Banach spaces characterizations for the max- 
imal monotonicity of operators with non-empty domain interior as well as 
stronger continuity properties for such operators are provided. 



1 Introduction 

In the context of locally convex or Banach spaces there are few characterizations 
for the maximal monotonicity of an operator (see e.g. [101 Theorem 3.8], [2^ 
Theorem 2.3], and [5^, Theorem 6]). All these characterizations are based on 
special convex representations associated to the operator. 

In a finite-dimensional space a complete characterization for the maximality 
of a monotone operator is given in [13, Theorem 3.4] in terms of direct oper- 
ator notions: the near convexity of its domain, convexity of its values, graph 
closedness, and behavior at the boundary of its domain. 

In a Banach space context characterizations of maximality, similar to those 
found in the finite-dimensional case, are available for full-space or open convex 
domain monotone multi-functions (see [H Theorem 1.2], [8, Lemma 2.2], [21} 
Theorem 40.2, p. 155], [24, Lemma 4.2], and fT7, Lemma 7.7, p. 104]). 

Every maximal monotone operator in a finite dimensional space has a non- 
empty convex relative interior of its domain which is dense in the domain and 
a convex domain closure (see e.g. [15], [191 Theorems 6.2, 6.3], [20l Theorem 
12.41, p. 554]). 

That is why, characterizations of the maximality of a monotone operator 
with non-empty relative (algebraic) domain interior in a general Banach space, 
in terms of notions directly linked to the operator and similar to those seen 
in the finite-dimensional case, constitute generalizations of all fore-mentioned 
results and that is our primary goal. 

Our secondary goal is to reveal several continuity properties with respect 
to the strong X weak-star topology for maximal monotone operators which have 
non-empty domain interiors and are defined in a normcd barrelled space, such as, 
the closedness of the graph, the upper semicontinuity, and the Cesari property. 
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The plan of the paper is as follows. The next section introduces the reader 
to the main notions and notations used in this article. Section 3 dwells with 
the restrictions of an operator to affine subsets. Section 4 analyzes the finite- 
dimensional case and provides a new proof of [13[ Theorem 3.4]. In Section 5 the 
characterizations previously seen in the finite dimensional context are extended 
to arbitrary Banach spaces via a hemicontinuity condition, demiclosedness, or 
representability. Section 6 deals with the continuity properties of monotone 
demiclosed operators that have a non-empty domain interior. 

2 Preliminaries 

Let {E,ii) be a locally convex space and A C E. We denote by "convA" 
the convex hull of A, "afFA" the affine hull of A, "liiiA" the linear hull of 
A; "cl^(A) — A'^" the ^—closure of A, "ri^^" the topological interior of A 
with respect to cl/i(aff A), "core A" the algebraic interior of A, "M" the relative 
algebraic interior of A, and t^^^'^A ^A if aff A is /^—closed and f^^^'^A :— 
otherwise, the relative algebraic interior of A with respect to cl^(aff A). 

When the topology /i is implicitly understood (such is the case when we 
deal with the strong topology of a normed space) the use of the /z— notation is 
avoided. 

For f,g : £; ^ 1 := RU{-oo, +00} we set [/ < g] := {x £ E \ f{x) < g{x)}; 
the sets [f ~ g], [f < g], and [/ > g] are defined similarly. 

Throughout this paper, if not otherwise explicitly mentioned, {X, || • ||) is a 
non trivial (that is, X ^ {0}) normed space, X* is its topological dual endowed 
with the weak-star topology w*, the topological dual of (X*,?i)*) is identified 
with X, the weak topology on X is denoted by w, and the strong topology on X 
is denoted by s. The closed unit ball of X is denoted by Bx '■= {x £ X \ < 
1}. The duality product of X x X* is denoted by {x,x*) := x*{x) =: c(a;, a;*), 
for x€X,x* e X*. 

As usual, for S C X, := {x* £ X* \ {x,x*) = 0, for every x G S}, 
crs{x*) := supj.gs(x,x*), x* G X* and for A C X*, A-^ {x e X \ {x,x*) = 0, 
for every x € A}, (TAix) = sup^*g^(a;, x*), x G X. 

To a multifunction T : X ^ X* we associate its graph: GraphT = {{x, x*) G 
XxX* \x* € T{x)}, inverse: T^^ :X*^X, GraphT"! ^ {{x*,x) \ (x, x*) G 
GraphT}, domain: D{T) ■~{xeX\ T{x) 7^ 0} = Prx(GraphT), and range: 
R{T) := {x* G X* I X* G T{x) for some x G X} = Prx- (GraphT). Here Pr^ 
and Prx* are the projections of X x X* onto X and X*, respectively. When 
no confusion can occur, T will be identified with GraphT. 

On X, we consider the following classes of functions and operators 

A(X) the class formed by proper convex functions / : X — >■ M. Recall that / is 
proper if dom f := {x £ X \ f{x) < 00} is nonempty and / does not take 
the value —00, 
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TriX) the class of functions / S A(X) that are r-lower semicontinuous (r-lsc 
for short); when the topology is implicitly understood we use the notation 

Ai{X) the class of non-empty monotone operators T : X ^ X*. Recall that T : 
X =^ X* is monotone if {xi — X2, x* — X2) > 0, for all {x2, X2), {x2, X2) £ 
T. 

^{X) the class of maximal monotone operators T : X =J X* . The maximality 
is understood in the sense of graph inclusion as subsets of X x X* . 

To a proper function / : X — > M and a topology r on X we associate: 

• the epigraph of /: epi/ := {{x, t) G X x M | f{x) < t}, 

• the convex hull of /: conv/ : X — > M, is the greatest convex function 
majorized by /, (conv/)(a;) := inf{f G R | (a;,t) G conv(epi/)}, a; G X, 

• the T—lsc convex hull of /: clr conv / : X — > M, is the greatest t-1sc 
convex function majorized by /, (clr conv /) (a;) mi{t G M | G 
cIt conv epi f} , x G X , 

• the convex conjugate of / : X — S> M with respect to the dual system 
{X,X*): f* : X* -^1, f*{x*) := sup{(a:,a;*) - /(x) \ x€X},x* e X*. 

• the subdifferential of / at x G X: df{x) {x* G X* \ {x' -x,x*) + 
fix) < fix'), Vx' G X} for X G dom/; dfix) ~ for a; ^ dom/. Recall 
that Nc — die is the normal cone of C d X, where Ic is the indicator 
function oi C C X defined by Ic'ix) := for a; G C and Icix) '■= 00 for 

xex\c. 

Let Z := X X X*. It is known that (Z, s x w*)* — Z via the couphng 

z ■ z' := {x, x'*) + (x', X*) , for z = (x, x*), = (x', x'*) G Z. 

For a proper function / : Z — > M all the above notions are defined similarly. 
The conjugate of / with respect to the natural dual system iZ, Z) induced by 
the previous coupling is given by 

/° : Z ^ 1, /°(z) = sup{z • z' - fiz') I 2' G Z}, 

and by the biconjugate formula, /^^ = clsxiu* 

conv f wliGnevGr or clsxiti* 

conv/ 

is proper. 

We consider the following classes of functions on Z: 
C : = CiZ) := {/ G A(Z) | / > c}, 

7e: = 7^(z) :=r,x„.(z)nc(z), 

2? : = ViZ) := {/ G TZiZ) \ /° > c}. 

It is known that [/ = c] G A^(X) for every / G C(Z) (see e.g. [24'. Lemma 3.1]). 
To a multi-valued operator T : X ^ X* we associate the following functions: 
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• the Fitzpatrick function of T (introduced in [TU]): (px : ^ — > M, c^, 
where ct '■ Z ^ ct '■= c + lt] 

• 4'T '■= cl <txto* convey (first considered in [22]); ipT = '^t — whenever 
(fT or ipT is proper (for example when T 6 Ai{X) (see e.g. [331 Proposition 
3.2])). 

Note that for every T C Z, [ipx < c] describes the set of all z G Z that are 
monotonically related (m.r. for short) to T, that is, c{z — a) > 0, for every 
a G T. 

We call a multifunction T : X ^ X* 

unique if T admits a unique maximal monotone extension; 

representable in Z if T = [/ = c], for some / G 7?,; in this case / is called a 
representative of T. We denote by TZt the class of representatives of T; 
this notion was first considered in this form in j22j : 

dual-representahle if T = [/ = c], for some / G 2?; in this case / is called a 
d-representative of T and we denote by 2?t the class of d-representatives 
of T; 

A'^/ or of negative infimum type in Z if LpT > c in Z] 

demiclosed if Graph T is closed with respect to the strong x weak-star conver- 
gence of bounded nets in Z, that is, if Xi — > xq strongly in X, x* — > 
weakly-star in X*, {x*)i is (strongly) bounded in X*, and {{xi^ T 
then (xo, Xq) G T. 

strongly x weakly — star upper Jif — semicontinuous (s x w*— use for short) 
at X £ X if for every weak-star open set V D Tx there exists a neighbor- 
hood U oix such that T{U) := yJu^uTu C V (or equivalently for every net 
{xi\i^i with Xi — X, strongly in X, eventually Txi C T^). The operator 
T is s x w* — usc if r is s X lu*— use at x, for every x £ X . 

It is easily checked that every representable operator is monotone demiclosed 
and has w*— closed convex values. 

Recall that T G ^{X) iff T is NI and representable (see [H] or [H]); also, 
whenever T G ^(X) 

T is dual-representable with (pT,ipT G ^'t (see |22[ Theorems 2.1, 2.2]), 

riD{T) = '''D{T) = ''=(ri ^(r)), in particular mtD{T) = coTeD{T) and D{T) 
is convex whenever "^(conv £'(T)) ^ (see ^27, Corollary 3]). 

Some of the main characterizations of maximal monotonicity can be found in 
(TUl Theorem 3.8], [51 Theorem 2.3], [M Theorem 6], [24, Lemma 4.2], [^ 
Theorem 40.2, p. 155], [THl Lemma 7.7, p. 104] and they will often be recalled 
in the sequel. For other properties of the notions discussed in this section we 

suggest [Ml Eao EHISll Eg. 
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Since the characterization of maximality for a monotone operator with a 
singleton domain is trivial, in this paper we do not consider singleton-domain 
operators. 

Throughout this article the conventions sup0 — —oo and inf0 — oo are 
enforced. 

3 Restrictions to afRne sets 

For X a separated locally convex space and F C X a linear subspace with 
D(T) r\F let Tf := LpTtp : F ^ F* 

Tpx {x*\f \x* eTx}, xG D{Tf) D{T) n F. (1) 

Here L*p : X* ^ F*, ipix*) = x*\f stands for the adjoint oi lf ■ F ^ X, 
lf{x) = X. 

Lemma 1 Let X he a normed space, let T : X ^ X* , and let F C X be a 
linear subspace such that D{T) r\F 

Consider the conditions: (i) Tf G Ji(F); (ii) T + Nf G ^{X). 

Then (ii) ^ (i). If, in addition, F is closed then (i) ^ (ii). 

Proof. It is easily checked that Tf e M{F) iff Tj^ G M(X) iff T + A^f G 
M.{X). Here T\f stands for the restriction of T to F. 
(ii) ^ (i) Let (/,/*) G F x F* be m.r. to Tp, i.e., 

(/ -xj* ~ x*\f) > 0, Vx G D{T) n F, a;* G Tx. (2) 

Take y* G X* with y*\F = /*. Relation ^ implies that {f,y*) is m.r. to 
T + Nf e Ji(XY from which / G ^'(r) and y* e Tf + F^. This yields 

(/,/*) er^. 

(i) => (ii) Assume that F is closed and Tf G ^{F). Let (xo,Xq) be m.r. to 
T + Nf, that is, 

{xo -x,xl-x* - /*) > 0, Va; G D{T) n F, x* e Tx, f* G NFix) = F^ . (3) 

Since F-^ is a linear subspace, — a; G F^^ — F for every x G D{T) n F; 
in particular Xq G F. Relation ^ becomes ( Xq Xq X 

*) ^0, for every 

x G D{T) C\ F, X* G Tx. In other words {xq,Xq\f) is m.r. to Tf and so 
G D(T) and there is x^ G Txq such that Xq\f = xI\f- This last equality is 
equivalent to cCq — a;^ G F-^ — NF{xa)- ■ 

Remark 1 Notice that for T ^ X x {0} , Tf = F x {0} G ^{F), for every 
linear subspace F C X, while T + Nf — Fx F-^ G ^{X) iff F is closed. 
Therefore a closed F is necessary and sufficient for (i) => (ii) to hold. 

Lemma 2 Let X he a normed space, let T : X ^ X* , and let F be a linear 
subspace such that D(T) C F. 

Consider the conditions: (i) T G ^{X); (ii) Tf G ^{F) and T = T + Nf. 

Then (i) ^ (ii). If, in addition, F is closed then (ii) ^ (i). 
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Proof, (i) (ii) Since ^{X) 3 T C T + Np £ MiX) we &nd T = T + Np € 
J^{X). Hence, from Lemma [U Tp e Ji(F). 

(ii) ^ (i) According to Lemma[Tl T + Np ^ Ji{X) since Tp G Jl(F). ■ 

Remark 2 For a linear subspace F C X, take T ~ Np = F x F^ . Then 
Tp^Fx{0} e M{F), T ^T + Np, but T e M{X) iffF is closed. Therefore, 
in the previous lemma, the implication (ii) (i) requires F to be closed. 

For T : X ^ X* and z € X, consider the translation Tz{x) := T{x + z), 
X e D{Tz) = D{T) — z. Similarly, for an affine subset A (Z X and z G A let 
F := A — zhe the linear subspace parallel to A. Note that Graph iV^ = Ax F^ . 
By definition Ta,z : F ^ F* , Ta^z {Tz)f or equivalently 

GraphT^.^ = {{x,x*\p) \ x* e T{z + x), x e D{Ta,z) {D{T)-z)nF}. (4) 

Notice that Ta,z is non-empty iff D(T) 0/1^0. Also, note that Tp^z = iTp)z, 
for every z € F. 

The following two results are consequences of the previous lemmas and the 
fact that a translation preserves the NI type and the (maximal) monotonicity; in 
other words T is NI iff Tz is NI and T is (maximal) monotone iff Tz is (maximal) 
monotone, for every (some) z £ X. 

Lemma 3 Let X be a normed space, let T : X ^ X* , let A C X be an affine 
set such that D{T) H A ^ 0, and let F be the linear subspace parallel to A. If 
T + Na G .^{X) then Ta.z G ^{F), for every z £ A. If, in addition, A is 
closed then T + Na G -^^{X) whenever Ta.z G ^{F), for some z £ A. 

Proof. If T + A^A e ^{X) then (T + Na)z =Tz + Np e J({X). According to 
Lemma [TJ Ta,z G J({F) for every z £ A. 

Conversely, if A is closed and Ta.z ~ (Tz)f G ^(F) for some z E A then, 
from Lemma m Tz + Np = {T + Na)z,T + Na £ J^{X). ■ 

Similarly, one has 

Lemma 4 Let X be a normed space, let T : X ^ X* , let A C X be an affine 
set such that D{T) C A, and let F be the linear subspace parallel to A. If 
T G Ji({X) then T ^ T + Na and Ta^z G .y^{F), for every z £ A. If m 
addition, A is closed then T G ^{X) whenever T = T + Na and Ta.z G ^(-F), 
for some z G A. 

Hereditary properties from T to Ta,z, where A is afRnc with D{T) C A, are 
studied next. 

Proposition 5 Let X be a separated locally convex space, let T : X ^ X* 
be such that T = T + Na, where A a X is affine with D{T) C A, and let 
F be the linear subspace parallel to A. Then T has w*^ closed values in X* 
whenever Ta,z has w* — closed values in F* , for some z £ A. If, in addition, A 
is closed then Ta,z has w* — closed values in F* , for every z £ A whenever T 
has w* — closed values in X* . 
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Proof. We may assume without loss of generality that ^; = Oe^ = -Fin which 
case Ta,2 = Tp. 

It suffices to observe that {l*p)-^{Tfx) = Tx + F^ = Tx, for every x G D{T) 
to conclude that T has w*— closed values in X* provided that Tp has w*— closed 
values in F*. 

Conversely, assume that F is closed. Let tt : {X*,w*) — > {X*,w*)/F-'-, 
nix*) — X* + F^, X* e X*, be the projection map of (X*, w*) onto the quotient 
space {X*,w*)/F^. Note that tt-^{tt{Tx)) = Tx + F^ = Tx is w*-closed 
convex, i.e., 7r(Tx) is closed convex in {X*,w*)/F-^, for every x € D{T). 

Since F is closed in X the locally convex spaces {X* ,w*)/F-'- and {F*,w*) 
are isomorphic via j : {X* ,w*)/F'^ -> {F*,w*), j{x* + F-^) = x*\f, x* € X*. 
Notice that Tpx = L*p{Tx) = j{-K{Tx)), x e D{T), to conclude that Tp has 
w* —closed convex values. ■ 

Remark 3 If T has w* — closed values in X* but F is not closed then one 
cannot expect Tp to have w* — closed values in F* even though T — T + Np. 
Indeed, let F be a proper dense linear subspace of a separated locally convex 
space X. Then b*p : {X*,w*) — > {F*,w*) is a continuous bijection but not an 
isomorphism, since F C X. Take S a w* — closed subset of X* such that L*p{S) 
is not w*- closed in F* and T := {0} x S C X x X* . Then Tp = {0} x L*p{S) 
does not have w* — closed values (and implicitly is not .s x w* — closed in F x F* ) 
while T is s X w* — closed in X x X* , has w* — closed values, and T = T + Np, 
since Np = F x {0}. 

Remark 4 Let T : X ^ X* and let A C X be affine with D{T) C A. It 
is trivial to check that Ta,z has convex values, for every z G A whenever T 

has convex values. Conversely, T has convex values whenever Ta,z has convex 
values, for some z d A, provided, in addition, that T = T + Na ■ 

Proposition 6 Let X be a separated locally convex space, let T : X ^ X* be 
such that T = T + Na, where A c X is an affine set such that D{T) c A, and 
let F be the linear subspace parallel to A. Then T is s x w* — closed in X x X* 
whenever Ta,z is s x w* — closed in F x F* , for some z € A. If, in addition, A 
is closed then Ta,z is sx w* — closed in F x F* , for every z £ A provided that T 
is s X w* — closed in X x X* . 

Proof. We may assume without loss of generality that z = Q & A = F. In 

this case Ta,z = Tp. Let L: {X x X*,sx w*) -> (X x F*,s x w*), L{x,x*) = 
{x,x*\p). Then L is linear bounded and Graph T = (Graph Tp) since T = 
T + Np. Therefore T is s x w* -closed in X x X* whenever Tp is s x iz;* -closed 
in F X F*. 

Assume that F is closed and T is s x w*— closed in X x X*. Let 11 : 
{X xX*,sx w*) -^{XxX*,sx w*)/{0} X F^, ll{x, x*) = {x, x*) + {0} x F^, 
be the projection map of {X x X* , s x w*) onto the quotient space {X x X* , s x 
w*)/{0} X F^. Note that n-i(n(Graphr)) = GraphT + {0} x F-^ = GraphT 
is s X w*-closed, that is, n(Graphr) is closed in {X x X*,s x w*)/{0} x F-^. 
The locally convex spaces {X x X*,s x w*)/{0} x F^ and {X x F*,s x w*) 
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are isomorphic via j{{x,x*) + {0} x F^) = {x,x*\f) since F is closed. Using 
L = joHweget that GraphTp = L(GraphT) = j(n(GraphT)) is sx w*-closed 
in F X F*. m 

Proposition 7 Let (X, || ■ ||) 6e a normed space, let T : X ^ X* , let A C X be 

an ajfine set such that D{T) C A, and let F he the linear subspace parallel to 
A. If T is demiclosed in X x X* then Ta.z "is demiclosed in F x F* , for every 
z G A. If in addition, T = T + Na, then T is demiclosed in X x X* whenever 
Ta.z is demiclosed in F x F* , for some z E A. 

Proof. Up to a translation we may assume without loss of generality that 
z = e A = F. In this case Ta,z = Tp. 

Assume that T is demiclosed in X x X* . Let {(x.^, C Tp be such 
that (xj, /*) {x,f*), sxw* in F x F* and {f*)i is (strongly) bounded in F*. 
According to the Halm-Banach Theorem, for every i e / there is x* G X* such 
that x*\f = f* and = Hence {x*)i is bounded in X* and, eventually 

on a subnet, denoted by the same index for simplicity, (xi, x*) — > (x, x*), sxw* 
in X X X*. This yields that x*\f — f* and x* £ Tx because T is demiclosed; 
whence /* G Tpx. Therefore Tp is demiclosed in F x F*. 

Assume that T = T+Np and Tp is demiclosed in FxF*. Let {(xi, x,*)}ig/ C 
T be such that (xi,x*) ix,x*), s x w* in X x X* and (x*)i is bounded in 
X*. Then (xi,x*l_F) (x,x*|_f), s x w* in F x F* and {x*\p)i is bounded in 
F*. Due to the demiclosedness of Tp we find that x*\p E Tpx, that is, there is 
y* G Fx such that x*\p = y*\p. This implies x* e y* + F^ C Fx. ■ 

Remark 5 Under all the assumptions in Proposition\l^ Tp is demiclosed in F* 
on a subset S C D{T) iffT is demiclosed in X* on S (that is, if {{xi, x*)}i C T, 
(xi,x*) — >■ (x,x*) sxw* in X X X* and x e 5 then (x,x*) £ T). 

Corollary 8 Let X be a normed space, let T : X ^ X* be such that aff F'(r) 
is closed and T = T + iVaff _D(T)7 let F be the linear subspace parallel to 
affD(F). Then 

(i) T has w* — closed values in X* iff T^^f d{t),z has w* — closed values in F* , 
for every (some) z G aff Z?(F); 

(ii) T is s X w* — closed in X x X* iff Ti^s d{t).z is s x w* — closed in F x F* , 
for every (some) z G afFI?(r); 

(iii) T is demiclosed in X x X* iff T^g ]j(^x),z is demiclosed in F x F* , for 
every (some) z G aSD{T). 

In the case of a finite-dimensional affine set passing through z and being 
spanned by the linearly independent set of directions {vi, V2, ■ ■ ■ , Vd} 

A:= A{z;vi,V2,..,Vd) := {x = z + tiVi + .. + taVd \ (ti,..,id) e R"*}, (5) 

we associate to Ta.z the finite-dimensional operator 5a, z : M'' =t K.'' given by 

(si,..,Sd) G ^A,z(ti,-;td)iS3x* G T{z+tiVi + ..+tdVd) : Si = {vi,x*), i^l,d. 

(6) 
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Note that 3'a,z = J*Ta,z-^ ■, where J : ^ F := span{wi, .., w^} is the 
isomorphism given by J^{ti, ..,td) '■= tivi + .. + tdVd- This latter operator 
identity provides 

'P3rA,A{'tii -^td), (si, ••, Sd)) = ^PTa, A^ivi + ..+ tdVd,x*), (7) 

where x* 6 F* is miiquely determined by Si = {vi^x*), i = l,d. 

Alternately, Ja,z = J*T^ J : D{^a,^) ■= J^^{D{T) - z) cW^ ^ M'^, where 
J := o ^ : E-* ^ X, J(ti, .., td) := hvi + .. + tdVd- 

Notice also that ^a,z2 — {■3^A,zi)j-^{z2-zi): for every 2:1,22 G ^• 

Lemma 9 Let X be a normed space, T : X ^ X* , z G X, {vi,..,Vd} be a 
linearly independent subset of X , F — span{?;i, .., Wd}, and A = A(z;vi, ..,Vd)- 
Then 

(i) ^A,z isNIiffTA^, isNI, 

ill) .^A,z e ^(R'^) iffTA^z e -y^iF) iffT + NAe ^{x). 

In the sequel, for u ^ 0, z G X, i := L{z\ v) A{z\ v) is the line passing 
through z with direction w, T^^zitv) := {a;*|Rt, | x* G r(z + tw)}, i G M, and 
: M =^ M, s G .^^L^^t if there is x* G T{z + to) such that {v, x*) = s. 

Similarly, the plane passing through z with linearly independent set of di- 
rections {wi, W2} is given by P := P{z]Vi,V2) := A{z] wi, W2), 7p,z (ii^i + ^21^2) = 
Klspa„{.i,„.} I a;* G T{z + tivi +^21^2)}, ^1,^2 e R, and ^p,, : ^ r2^ 
(si, S2) G =^,z(^i, ^2) if there is x* G T(z + tivi + ^2^2) such that (vi, x*) = si, 

{V2,X*) = S2- 

Proposition 10 Let {X, || • ||) 6e a Banach space, let T G A^(X) be such that 
nD{T) ^ and let A C aff i?(T) be finite- dimensional affine with AC]viD{T) ^ 
0. 

(i) If T has w* — closed values then S^a.z has closed values, for every z d A. 

(ii) If T is demiclosed then ^a,z is closed, for every z ^ A. 

Proof. We may assume without loss of generality that aff D{T) — X, otherwise 
we replace T by Tg,gD(T),z and acknowledge Corollary[8] . This change does not 
affect £^A,z- 

Let A = A{z;vi, ..,Vd) and zq := z + t\vi + .. + t^^Vd G A n inti:'(r). From 
the local boundedness of T at zq there are M, r > such that zq + ^Bx C D{T) 
and < M, for every x* G T{zq + ru), u £ Bx- 

(ii) Consider {(s", .., s^), (t" , .., t2)}„>i C that is, there exists G 

T(z + + ■• + t'd'^d) such that (ui,^*) = sf , i = n > 1. Assume that 
lim™((s?, .., sS); (ii , iS)) = ((si, Sd), (ii, td)). 

The monotonicity of T provides 

{{ti -4)^1 + ■■ + itl-td>d~ru,xl-x*) > 0, Vx* G T{zo + ru),ue Bx,n > 1, 

from which rIKII < M(|i? - tO|||i;i|| + .. + ji^ - + + - + 

■• + i^d ^ — 1- Hence {x* }„>i is bounded. On a subnet denoted for 
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simplicity by the same index, 2:* x* G T{z + tivi + .. + tdVd) weakly-star 
in X*, since T is demiclosed. Let — > 00 in = sf, i — l,d, to get 

{vi,x*) =Si,i = that is (si, .., Sd) £ ^A,z{ti, ■.,td). 

The argument of (i) proceeds similarly with (t", ..,^3) — (^i; --i^ti) G D{,'y'A,z), 
n > 1. ■ 

Since every convex set in a finite dimensional space has a non-empty relative 
(algebraic) interior which is dense in the set, the following definition is a natural 
extension to a general topological vector space context for the nearly-convex 
notion. A set S <Z X is called nearly- convex if there is a convex set C such 
that riC ^ and C C S C C. Equivalently, S is nearly-convex iff ri^* is 
non-empty convex and S C cl(riS'). Indeed, directly, we know that riC = riC 
and cl(riC) = C (see [111 Lemma llA b), p. 59]) from which riS* — riC is 
non-empty convex and S C C = cl(riS'). Conversely, C = riS' fulfills all the 
required conditions. 

Lemma 11 Let X be a Banach space, let T : X ^ X* be such that D(T) 
is nearly- convex, and let A = v4(z; Wi, --i ^d) C aS D(T) be such that ACl 
ri _D(T) ^ 0. Then D{^A z) is nearly-convex and 

int D{.^A^,) = J-'{TiD{T) - z), c\D{,'7A,z) = J-H^iT)-z), (8) 

where J{ti,..,td) = tiUi + .. + tdVd, {ti, ■.,td) G M''. 

Proof. We may assume without loss of generality that aff D(T) = X (otherwise 
we replace X by F := aff D{T) 9 and T by Tp; ^a,z being impervious to this 
change). Let D := int D{T) - z and S := D{T) - z. Then J^^{D) is non-empty 
open convex, J~^{S) = D{^a.z), D — S, and intS" = £> (see e.g. [11, Lemma 
llA b), p. 59]). _ 

Fix f_with Ji e D. Since _J-^{D) C £'(=^a,z) C J^H-D) and J-^{D) C 
int J~^(D), clJ^^(D) C J^^{D) (due to the continuity of J) in order to con- 
clude it suffices to_show that iYAJ-^(D) C J^'^{D) and J~^(D) C c\J-^{D). 

Let t e J^^(D). Since intD = D, (1 - X)t + Xt e J~'^{D), for < A < 
1. Let A_t 1 to get t e c\J-^{D). Hence J-^{D) = c\J^^{D) followed by 
int J-i(D) =int(clJ-i(i:')) = J-^{D). ■ 

Lemma 12 Let X be a Banach space and let T : X ^ X* be such that D{T) 
is nearly-convex and T = T + A'^d(T)- Then 3'a,z — S^A.z + Nd(.9'a f^'"' e'^e'"?/ 
finite- dimensional affine set A <Z X with A H ri I?(T) 7^ 0, z G A n ri D{T). 

Proof. Condition T = T+Nd(t) provides Tj = Tz + {Nd(t))z = T^ + Nb(t)-z, 
z & X. Recall that .^a.z = J*T^J , where A = A{z\Vi, ..,Vd), J -.W^ X, 
Jt = tiVi + .. -|- tdVd, t — (ti, .., td). Hence 

^A,zt= ^aJ+ J*Nd(t)-zJ% D{.^A,z) = .rHDiT) - z). 

But, for every t G D{£/'a,z) we have from ([5]) and by the chain rule (see e.g. 
PSI Theorem 2.8.3(vii), p. 123]), that 

^D{3rA,.)t^ ^cin(,^A,.)^= ^.J-i(DW)-z)*^^ ^('''D(T)-z ° ■^)(^ ^ ■^*^mT)-z-^^^ 
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since e'"^{A~ D{T)). The proof is complete. ■ 

4 Finite-dimensional context characterizations 

Recall the next sum rule for maximal monotone operators followed by two of 
its consequences. 

Theorem 13 ([^, Corollary 4]) Let X he a Banach space and M,N £ .M{X). 
Assume that '"^D{M),''''D{N) are nonempty and G ^"-{DiM) - D{N)). Then 

M + N e .^(X). 

Proposition 14 Let X be a Banach space. If T £ ^{X), A is a finite- 
dimensional affine subset of X , and A H ^'^D[T) ^ then T + Na G ^{X). 

Proof. We may apply the previous theorem since "^A — A. a&{D{T) — A) = 
aff -D(T) — ^ is closed since aff D{T) is closed and A is finite-dimensional, and 
G W{T) - Ad \D{T) - A). 

Indeed, for the latter inclusion let xq e ^'^D{T), uq G A. Every x £ 
aS{D{T) - A) has the form x = u - a, with u £ aSD{T), a £ A. There- 
fore there is p > such that Au + (1 — A)a::o £ D{T), for every A £ [0, p]. Hence 
Xx + {1- X){xQ-ao) = Xu+{l-\)xo - (Aa+ (1 - A)ao) £ D{T)-A, for every 
A £ [0, p], that is, xq — oq £ ^'^{D{T) — A). The proof is complete. ■ 

Proposition 15 Let X be a Banach space. If T £ .^(X), A is a closed affine 
subset of X, and An core D{T)i^% then T + Na £ ^(X). 

This paper is mainly concerned with the following converse of Proposition 1141 

Given T £ M{X) with the property that T + Na £ Ji{X) for every finite- 
dimensional affine A (especially lines and planes) such that A n '^'^D{T) ^ 
what additional conditions on T are needed, such as the closedness of its 
graph or convexity of its values, in order to obtain the maximality ofT? 



Proposition 16 Let X be a Banach space and let T £ M.{X) be such that 
""DiT) ^ 0. IfT + NL£ J^(X) for every line L C aff i:>(r) such that L n 
^"dIt) ^ then T^sDiT),z is NI, for every z £ aS D{T) and riD(T) = '=D(T), 
D{T) = c\{^''D{T)) are convex sets. In particular, "'D{T), D{T), D{T) have 
the same (convex) relative interior and closure. 

Proof. First assume that aff D{T) — X. Let (xq, Xq) be m.r. to T and \etv£X 
be such that L := L{xq;v) cuts *^D(T) = core i?(T). Since n* £ Nl{x) iff a; G L 
and {v,n*) = 0, it is easily checked that {xo,Xq) is m.r to T + Nl £ ^{X). 
Therefore, if (a;o,a:o) is m.r. to T then x^ £ D(T) and for every v such that 
L{xo;v) ncoreD(r) ^ there is x* £ Txq such that {v,Xq) = {v,x*). 

In particular T is NI (see [251 (1)]) and in this case we know that TZ :— [ipr = 
c] is the unique maximal monotone extension of T (see |261 Proposition 4 (iii)]). 
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Every {x,x*) G TZ is m.r. to T. Hence x G D{T) and for every w such that 
L{x\ w) ncoreD(r) ^ there is y* e Tx such that {w, x*) = {w, y*). Therefore 

D(7^) = ^(r). 

Since 7^ G ^{X) and cove D(n) 7^ we have int D{T) = core D{T) and 
cl£'(T) = clD{n) = cl(intD(7^)) = cl(intL»(r)) are convex sets (see [HI Corol- 
lary 3] or [H Theorem 1]). 

In the general case we may assume without loss of generality that € 
aff L'(T) =: otherwise we change T with where z G aff L'{r). We use the 
first part of our proof for Tf G (F) . To this end note first that Tf + {Nl)f = 
(T + Nl)p, where {Nl)p G ^{F) is the normal cone to L C F. According 
to Lemmaffl (T + Nl)f G ^{F), since [T + Nl) + Np = T + Nl e ^{X), 
for ev ery line L C F, such that L n "^^(T) ^ 0. Therefore ri D{T) = '''D{T), 
D{T) = d{''=D{T)) are convex sets and Tf,z = (Tf)^ = (T;)f is NI, for every 
2; G F. The sets ^'^D{T), D{T), D(T) have the same relative interior due to 
ri D{T) = Ti{c\{TiD{T))) = iiD{T) (see e.g. [H] Lemma llA b), p. 59]). ■ 

Theorem 17 Let T G M{W^) be such that core D{T) ^ 0. Then T G .£'{X) 
iff 

(i) T + NlG ^(R'*) /or every /me L cR'^ such that L n core D{T) ^ 0, 

(ii) T has closed convex values, 

(iii) Tx = Tx + Njj^rp-^ x, for every x G D{T) \ core D{T). 

Proof. The direct implication is clear since (i) follows from Proposition [TH and 
(ii), (iii) are usual properties of maximal monotone operators. 

For the converse suppose that (i), (ii), (iii) hold. As seen in the proof of 
Proposition [ini if {xo,Xq) is m.r. to T then xq G D{T), 

Vw : L{xo; v)n core D{T) ^ 0, 3a;* G Txo, {v,x^) ^ {v,x*), (9) 

and coreD(T) = inti:>(r) = intl?(r), D{T) are convex sets. 

Assume that Xq ^ Txq- Since Txo is closed convex, for some yo G M'' 

(2/0, a;S) > cTTxoiyo) := sup{{yo,x*) \ x* G Txq}, (10) 

that is, [ac < 0] is non-empty, where C := Txq — Xq ^0. 

Relation © shows that L{xo;z) n int D{T) = for every z e [ac < 0]. 
Hence Xq ^ int D{T) and z ^ int Tp^y^ a^o = U/i>o^(int _D(r) — xq) (see e.g. (TJ 
Proposition 7, p. 169]), where Tj^^xq stands for the tangent cone to the closed 
convex set D{T) at a^o- Therefore [ac < 0] n intT-jjjTpjXQ = 0. 

Note that [ac < 0] is a convex cone whose closure [<tc < 0] C Tjj^xq. 
Indeed, using Txq — Txq + N-j^^xq, every z G [ac < 0] satisfies {z,n*) < 0, 
for every n* G Nj^^xq, that is, z G {Xjj^xq)^ — Tjj^xq (see e.g. [TJ 
Proposition 4, p. 168]). 

Assume that for some Uq,v* G M'', L{uq;v*) := {uq + tv* | t G M} C 
Txq. Since T is monotone for every u G D{T), u* G Tu, t G M, we find 
(a;o — UjUq + iv* ~ M*)Kd > 0; whence (a:o — u,v*)'^d = 0. Since xa — D(T) 
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has a non-empty interior this yields that v* = and so L{uq; v*) is a singleton. 
Therefore C does not contain hnes. 

According to [121 CoroUary 13.4.2. p. 118], int(dom(T(7) 7^ and so ac is 
continuous on int(dom crc). Since [ac < 0] is nonempty we find that int([(Jc' < 
0]) ^ 0. Indeed let x e [<jc < 0] and y € int(domcrc)- Then for some < t < 1, 
xt := tx + {1 — t)y G [ac < 0] fl int(domcrc)- Since ac is continuous at 
Xt it follows that xt G int([cr(7 < 0]). This yields the contradiction [ac < 
0] n intT;^2;o ^ 0. Therefore x^ G Txq and T G ^(R'^). m 

Condition (iii) in the previous theorem is equivalent to T = T + Njy^. 

Theorem 18 Let T G M{W^) he such that W{T) ^ 0. Then T G ^{W^) iff 

(i) T + Nl e Ji({W^) for every line L C a.^ D{T) such that L n ^D{T) ^ 0, 

(ii) T has closed convex values, 
{in)T^T + N^y 

Proof. The direct implication is trivial while for the converse assume, without 
loss of generality, that G F := afFD(T). 

Conditions (i), (ii), (iii) are transmitted from T to Tp via the fact that 
for every line L C F, T + Nl + Np = T + Nl G ^(M'*) and so by Lemma 
m {T + Nl)f — Tp + Nl G .^(F) (argument already seen in the proof of 
Proposition [TB|) . (iii) is easily checked to be hereditary from T to Tp, and Tp 
has closed convex values because so has T, F is finite dimensional, and (iii) 
holds (see also Proposition [S]) . According to Theorem [T71 Tp G ^{F). 

Again (iii) and Np C Njj^ provide T = T + Np. According to Lemma [5] 

T€^{R'^). m 

Theorem [T7] allows us to re-demonstrate Lohne's characterization of maximal 
monotonicity for finite-dimensional operators (see |13[ Theorem 3.4]). 

Theorem 19 An operator T G ^{W^) iff (i) T G X(M'*); (ii) D{T) is nearly 
convex, that is, there is a convex set C such that C C D(T) C C; (iii) T has 
convex values; (iv) T = T + Npx^x): (v) T is closed. 

More precisely, ]W[ Theorem 3.4 (iv)] states that {Tx)ao = N]j^t)X, for 
every x G D{T), where {Tx)oo stands for the recession cone of Tx. Since 
Tx + {Tx)oo = Tx, it is straightforward that [131 Theorem 3.4 (iv)] implies 
our condition (iv). Therefore Theorem [15] has a slightly weaker assumption (iv) 
than [H Theorem 3.4]. 

Theorem [THI is trivial for a singleton domain operator. The following charac- 
terization of maximal monotonicity for 1— dimensional operators is a simplified 
version and is used in the proof of Theorem [T9l 

Theorem 20 LetU -.R^Rbe such that int D{U) ~. (a, uj) ^ 0. Consider the 
assumption: (F) U{a) = U{a) + M_ whenever a G D{U), U{uj) = U{uj) + M+ 
whenever lo G D{U). 
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TFAE: 

(i) U e ^{R), 

(ii) U e U has convex values, (F) holds, and U is closed, 

(iii) U G Ai(M.), U has closed convex values, (F) holds, and 

inf f/((t,+oo)) < supt/(t), Vt£[a,a;)nM, (11) 

sup U{{-oo, t)) > inf U{t) yt e (a, uj] n M. (12) 

Here U{A) := U^^zAUix), for A C M. all these cases D{U) ^ c\{mt D{U)) = 
[a,uj] n R and (F) is equivalent to U = U + Njji^uy 

Remark 6 Note that condition U{a) ~ U{a) + K_ whenever a G D{U) comes 
to U{a) — (— CX3, sup ?7(a)] while U{u!) = t/(a;) + R+ whenever ui G D(U) is 
equivalent to U{uj) = [iui U (lu) , +oo) . Therefore in (ii) (respectively (Hi)) it 
suffices for U to have (closed) convex values only on int D{U). 

For U G A4{M.) relations ill}) . hl'/A) represent a simplification of the closed- 
ness condition for U and can be equivalently restated as equalities, namely 

lim(inf f7(r)) = inf (inf t/(r)) = inf C/((t, +oo)) = supC/(t), Vi S [a,w) nR, 

rit r>t 

lim(sup U{ti) = sup(sup U{ti) = sup U{{-oo, t)) = inf U{t), Vt e {a, uj] n R, 

i<t 

since t — > inf C/(i), t — > supL/(t) are non- decreasing. 
More interestingly, ill}) is equivalent to 

lim(sup C/(r)) = inf (sup [/(r)) = sup[/(t), Vt £ [a,a;) nR, 

rit r>t 

while 

lini(inf C/(^)) = sup(inf [/(^)) = inf C/(t), £ (a,a;] OR, 

£tt ^><f 

is an equivalent reformulation of 

Also, notice that ill\} for t — a spells inf R{U) — — oo when a ^ F){U) 
or sup C/(a) = inf {/((a, +oo)) w/ien a £ D{U). Similarly for t — uj 

spells sup i?(C/) = +00 when lj ^ F){U) or inf [/(oj) = sup J7((— oo, w)) w/ien 
w G !?([/). 

Proof, (i) ^ (ii) Condition [/ = U + Nj^i^jj^ together with Ni^a,uj){<^) = 
-^(q,cj)('^) = M+ (whenever a,CLi are finite) provide (F). The other properties in 
(ii) are usual for U e ^(R). 

(ii) (iii) It suffices to verify (fTTj) . (|12p . Note that Ux is bounded, for every 
x e int £)([/), whenever [/ e A^(M). Clearly, HI]) holds when inf [/((t, oo)) = 
— oo. Otherwise, for every t e [a,a;) fl R, inf [/((t, oo)) is finite. Take (r„)„ C 
(a, w), r„ J, s„ := min C/(r„) (attained since {/(r„) is a closed bounded inter- 
val) such that miU{{t, oo)) = lini„_^oc s„ =: s G R. Since U is closed, s G U(t) 
and so s < sup [/(/:), that is, pT|) holds. Note parenthetically that (fTTj) holds 
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for t = w G D{U) since U{uj) = U{lo) +R+ and supC/(i:j) = +00. Relation (fn|) 
is verified similarly. 

(iii) ^ (i) First we show that a; < cxd implies sup i?(C/) ~ +00. Indeed, 
assume that uj is finite. If a; G D{U) from t/(a;) = [/(cj) + R+ it is clear 
that supR{U) — +00. li uj ^ D{U) then, according to sup ?7((— 00, oj)) = 
sup R{U) > inf [/ (oj) = inf — +00. Similarly a > —00 implies inf R{U) — —00. 

Let (t, s) be m.r. to U. li t>Lj or t — uj^ D{U) then uj is finite, and by the 
previous argument we find the contradiction s > sup R{U) — +00. Therefore 
t<ujoi:t = uj^ D{U). Similarly, tKaort — D{U) is impossible which 
leads tot>aoYt — D{U). Hence t G D{U) fl [a,w]. In particular, since 
J7 G A^(M), we also get that D{U) ^ [a, lo] n R. 

If t G (a,w) then, due to ([H]), we get inf ;7(t) < sup C/((~cx), t)) <s< 
inf [/((t, 00)) < supU{t). This yields s G U{t), since U{t) is a closed interval. If 
t = a G D{U) then, according to pT|) . s < inf [/((a, 00)) < sup [/(a); whence 
s G U{a), since [/(a) = (—00, sup [/(a)]. Similarly, t — uj e D{U) provides 
s G ?7(i^). The proof is complete. ■ 

Proof of Theorem 19. If T G ^{W^) then (iii), (iv), (v) are usual properties 
mainly due to the preservation of monotonicity. Since every finite-dimensional 
convex set has a non-empty convex relative (algebraic) interior which is dense 
in the set (see e.g. [20l Proposition 2.40, p. 64]), for (ii) notice that D{T) is 
convex and 7^ C riD(r) C D{T) C C = D{T) (see also [20l Theorems 
12.37, 12.41]). 

For the converse note first that (ii) provide ^D{T) = 'C = riC = nD{T), 
D[T) — C are non-empty convex and T has closed convex values due to (iii) 
and (v). 

Assume first that aff D(T) = W^. Hence W{T) = int D{T). To conclude 
it suffices to check condition (i) in Theorem [T71 that is, T -f Nl G ^{W^) for 
every line L C M'' such that L n intl?(r) ^ 0. According to Lemma [H] (ii), we 
need to show that ^7l,z G ^(K) for some z G int£'(r) n L. To this end we 
prove that U .'^l.z verifies the conditions of Theorem!^ (ii). 

Recall that U = J*T^J, where L = L{z,v), Jt = tv, t e R and D(U) = 
J~^{{D{T) — z) nRw). Therefore U has convex values since so does T. Because 
z G int C we know that {C - z) D Rv ^ (C~z)n Rv. This yields that (^'(r) - 
z) n Rv is nearly convex and connected. Since J : R — >■ Rv is an isomorphism, 
D{U) is a non-degenerate interval (and it is not a singleton because it contains 
the non-empty open set J~^(intC — z)). 

Let (a,aj) := int_D(J7). Then a < 0, a; > and, whenever a,uj are finite, 
z + av.z + ujv G D{T) \ \niD{T). Assume that a G D{U), i.e., z + av e D{T). 
Take n* G No{t) {z + av) such that (z + av — y, n*) > 0, for every y G int D{T). 
Pick y = z + '^v to get (w, n*) < 0. For every s G C/(a) there is x* G T{z + av) 
such that s = {v,x* ). For every A < let t = A/(u, n*) > 0. Then x* + tn* G 
T{z + av) due to (iv). Therefore s -I- A G U{a) and so U{a) = C/(a) +R- . The 
second part of (F) is proved similarly. 
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Consider s„ G C/i„, i.e., s„ — {v, ) for some x* € T{z + tnv), n > 1, with 
liin„^oo(sra, in) = From the local boundedness of T at z (see e.g. [H 

Theorem 2]), there are M, r > such that z + rB C D{T) and < M for 
every x* e T{z + ru), u e B := {x e R''' \ \\x\\ < 1}. The monotonicity of 
T provides (t„w — ru,x^ — x*) > 0, for every x* G T{z + rit), u G i?, n > 1. 
This yields rjla:* || < M(|<„|||u|| + r) + t„s„, n > 1; whence (x*)„ is bounded. 
On a subsequence, denoted for simplicity by the same index, x* Xq in M"^ 
and Xq G T(z + to) since T is closed. Passing to limit in s„ = we find 

s = {v,Xq), that is, s ^Ut and so [/ is closed. 

According to Theorem BUI (ii), 5^,^ G ^(R) and by the above argument 
T G ^(R''). 

In the general case we may assume that G F := affZ?(r). Then Tp 
fulfills trivially (i), (ii), (iii), (iv) is due to {Ndi^x))f being the normal cone to 
D{T) C F, and (v) follows from Corollary [5] (ii). Thus Tp G ^{F) followed by 
T G ^(R'') (recall that (iv) yields T = T + Np)- ■ 

5 Line-plane characterizations 

Since the previous section provided several characterizations for the maximal 
monotonicity of operators defined in R, the Banach spaces considered in this 
section are assumed to have dimension greater than one. 

Proposition 21 Let X be a Banach space and let T G Ai{X) be such that 
^"DiT) / 0. IfT + Npe J([X) for every plane P with P D "'D{T) ^ then 
T + Nl^ .£(X) for every line L with L H ""DiT) ^ 0. 

Proof. Let L be a line with with L n ^'^D{T) ^ and P be a plane with 
LdP. Since L n '''{D(T) n P) ^ 0, by Proposition [H we find that T + Nl^ 
{T + Np)+Nl G J^{X). ■ 

Theorem 22 Let X be a Banach space and let T G M{X) be such that ^''D{T) ^ 
0. Then T G J((X) ijf 

(i) T + Np e ^{X) for every plane P dX such that P n ^''D{T) ^ 0, 

(ii) T has w* — closed convex values. 

Due to Proposition 12 II condition (i) in the previous theorem can be restated 
as T + Na is maximal monotone, for every affine set A generated by at most 
two linearly independent vectors and such that A n ''■^D{T) ^ 0. Note that this 
latter condition does not require a dimensional restriction on X. 

Proof. For the direct implication (i) follows from Proposition [M] and (ii) is 
usual for T G .£{X). 

For the converse let (xo,Xo) be m.r. to T and let A = A(xo;vi^V2) be 
any affine set through x^ generated by wi,W2 that cuts *'^D(T). It is easily 
checked that [xq^Xq) is m.r. to T + Na, since n* G Na{x) iff a; G A and 
(ui,n*) = {v2,ii*) = 0. But T + A^A e ^{X). 
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Therefore, if (a;o,a^o) is m.r. to T then .tq G D(T) and 

Wvi,V2 : A{xo;vi,V2)n''DiT) / 0, 3x* e Ta^o : {v,,x*) = {v,, x*),i = 1, 2. (13) 

Assume that Xq Ta;o. Since Txq is -u;*— closed convex, by a separation 
argument there is vi ^ X such that 

{vi,Xq) > sup{{vi,y*) \ y* eTxo}. (14) 

Let V2 be such that ^ := A{xo;vi,V2) cuts ^''D{T) and so T + iV^ e ^(X). 
By this yields an x* e Txq such that (i;i,Xo) = {vi,x*) contrary to pi)) . 

This contradiction comes from the assumption that Xq ^ Txq. Hence Xq G Txq 
and T G ^(X). ■ 

Remark 7 After looking at Theorems 1 1 81 fsee a/so Theorem \24\ below) one 
wonders whether condition (Hi) in Theorem \1^ is necessary; in other words 
whether condition (i) in Theorem \22\ could be relaxed by changing the planes 
with lines. 

Consider C := {{x, y) e R'^ \ x < 0,y < 0} and T : D{T) C C =| 
T{x,y) = Nc{x,y), for every {x,y) gC\{(0,0)} and r(0, 0) E+(1, 1). Then 
T ^ ^(R2) since T C Nq (more precisely T(0,0) C Nc{0,0) = {ix,y) G 

I a: > 0,y > 0} = K+(1,0) +M-|_(0,1)^, T has closed convex values, and 
int DiT) ^ 0. 

Moreover, T + Nl = Nc + Nl G ^(K^) (see e.g. Provosition \15\) . for every 
line L that cuts int D{T), that is, condition (i) in Theorem \18\ is fulfilled. Indeed, 
this is straightforward if L does not pass through the origin. If L passes through 
the origin note that L cuts int D(T) iff L is non-vertical and has a positive- 
slope, that is, L :— M(l, m), for some m > 0. Then Nl{0, 0) = ~ M(— to, 1) 
and (T + A^l)(0, 0) = R+(l, 1) + R(-m, 1) R+(l, 0) + M+(0, 1) + IR(-to, 1) = 
{Nc + NL)iO,0), since it is easily verifiable i/iat R+(l, 0) UR+(0, 1) C M+(l,l) + 
IR(— TO, 1). This suffices in order to have T + — Nc + N^. 




This example shows that condition (Hi) in Theorem\T^is essential and, more- 
over, it cannot be relaxed to T — T + iVaff d(t)- However, if the lines in Theorem 
[751 (i) are upgraded to planes then (Hi) can be relaxed to T = T -\- A^aff _d(t) • 
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Theorem 23 Let X be a Banach space and let T e M{X) he such that '"DiT) ^ 
0. Then T G ^{X) iff 

(i) T + Np e Ji{X) for every plane P C aS D{T) such that Pr\''''D{T) ^ $, 

(ii) T has w* — closed convex values, 

(iii) T + N^ifo(T)- 

Proof. The direct implication is straightforward. For the converse assume 
without loss of generality that £ aff D{T) —: F. Apply the converse of 
Theoremmfor Tp : F ^ F*. For every plane P C F such that PD'^'DiT) ^ 0, 
T ^ Np + Np = T ^ Np G M{X). From Lemma [T] we see that (T + Np)p = 
Tp + {Np)p e ^{F), where {Np)p G ^{F) is the normal cone to P C -F. 
Hence Tp G ^{F) since, by Proposition [5l Tp has w*— closed values in F* . 
Together with (iii) this yields T G ^{X) (see Lemma [2]). ■ 

The natural question whether the planes in condition (i) of Theorems 
[221 can be replaced by lines is answered in the next result; thereby providing an 
extension to the infinite-dimensional context for Theorem 1 181 

Theorem 24 Let X he a Banach space and letT £ M{X) he such that ^'^D{T) ^ 
0. Then T G ^(X) iff 

(i) T + NlE ^{X) for every line L C aff D(r) such that L n ""DiT) ^ 0, 

(ii) T has w* — closed convex values, 

(iii) T = r + iVc(T). 

Proof. The direct implication is clear. For the converse note that from (iii), 
Lemma [U and Proposition [S] we may assume without loss of generality that 
aff £)(r) = X (otherwise we replace T by Tp where G F := aff D(T)); whence 
'^^D{T) = core D{T). From (i) via Proposition [TCI we know that core D{T) = 
int _D(T), D{T) — cl(int_D(r)) are non-empty convex; in particular D{T) is 
nearly-convex. 

According to Theorem [22l it is enough to prove that T + Np G ^{X) 
for every plane P with P D int D{T) ^ 0. From Lemma [9l (ii) we know that 
T + Np & J((X) iff ,'7p^:, G ^(R2) for some ^ G P n int B(X). 

For this choice of P and z we plan to use Theorem [T7I for S'p^z- 

According to (ii) and Proposition [TO|(i), S^p^z has closed convex values. 

In this case recall ([S|), i.e., 

-■mi.Diy.'^P^z)^ J^^iM-D{T)- z), clD(^p,2) = ,r^{D{T) - z), (15) 

where P = A{z;vi,V2), J : ^ X, J{ti,t2) := tivi +^2^2, and D{£^p z) = 
J-\D{T)-z). 

We know from (iii) and Lemma [T^ that S/'p^zt = ■!^p,zt + Npif^a^^ ^-^t, for every 
i = (ti,i2) e D{.3^p^z)- According to Theorem [T71 3^,^ G ./#(M^) as soon as 
^p.z +Ni£ .^(R2)' for every Hue £ C such that I H int D{£rp z) ^ 0. 

Let ^ C be a line such that i fl viAD{3'p^z)i ^ 0- Consider the line 
L := J{£) + z C P or equivalently £ — J^^{L — z). Note that Lg = Lp^z ° J- 
Since i n intL»(^p,2) 7^ we know from ^ that L cuts intD(T). We may 
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apply the chain rule [HI Theorem 2.8.3(viii), p. 123] to get Ng = J*Nl^^J. 
This yields 3^p^^ + Ng ^ £/p^^ := J*A^J, where A := T + Nl e J^{X) due to 
(i). Note that 'a^A + Np. According to Lemma H (ii) , j/p,z £ ^(M^). The 
proof is complete. ■ 

Theorems [TSl \n[ [Ml show that under interiority conditions the sum result 
contained in Theorem ll3l (\27i Corollary 4]) cannot be further improved in the 
sense that T need be maximal monotone. 

The advantage of a condition of type Theorem[M](i) over the (demi)closedness 
of the graph of an operator is that this condition involving lines can be replaced 
by the hemiclosedness or the so called "closedness on line" condition, as seen in 
Theorem HOI 

Let C C X be a convex set with ri _D(T) ^ 0. Denote by Tc{x) the tangent 
cone to C at a; G X and by Sc{x) :— U/i>o ~ ^) cone spanned by C — x. 
Then y\Tc{x) — Sric{x), for very a; G C (see [1, Proposition 7, p. 169]). 

We are ready for the following generalization of [H Theorem 1.2], [SI Lemma 
2.2], [m Theorem 40.2, p. 155] (see also [SH Remark 40.3]), and [24l, Lemma 
4.2]. 

Theorem 25 Let X he a Banach space and let T G M{X) be such that D{T) 
is nearly-convex. 

Then T G -^{X) iff T ^ T + Np)(^rp) o-^d (one of) the following assumptions 
hold(s): 

(H) T has w* — closed convex values and for every x G D{T), v G TiT-jj^{x) 

inf inf {v,x*) < sup {v,x*). (16) 

h>Ox*eT(x+hv) x'eT{x) 

(D) T has convex values and is demiclosed, 
(R) T is representable. 

Remark 8 Whenever T G M{X), the second part of condition (H) in the pre- 
vious theorem is equivalent to the stronger forms: for x G D[T),v G S^i£i(T){x) 

lim inf {v,x*) = inf inf {v,x*) = sup {v,x*), 

hlO x*eT{x+hv) h>Ox*eT{x+hv) x'eT{x) 

lim sup {v,x*) — inf sup {v,x*) — sup {v,x*), 

'^^'^^ x*eT{x+hv) ^>'^ x'^T{x+hv) x'^Tl^x) 

since h — > i-airc.i^T{x+hv){v,x*) , h — > sup^.gy(2._|_;j„-)(w, x*) are non- decreasing. 
The last equivalent condition holds a striking resemblance to fl3l Lemma 2.2j 
(one of the key results used in the proof of Theorem 3.4]). 

Proof. Let T G M{X) be such that D{T) is nearly-convex. For every x G 
D{T), V G 5',iD(T)(a;) the line L = L{x;v) C aS D{T) cuts li D{T) at some 
z = X -\- tov with to > 0. Let U :— ,^l.x- Then D{U) is a non-degenerate 
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interval with inside its interior when x 6 ri£)(T) and with as its left end- 
point when X £ D{T) \ TiD{T) (see Lemma [TT]). Recall that s € U(t) iff 
s = for some x* G T{x + tv); whence miU{t) = mi^,^x{x+tv){''^T^*)-: 

supC/(t) = sup^.g-r(^+t„)(w,x*}, and sup[/(0) = sup^.gj.(^) (w, x*). 

It is clear that for T e ^{X) conditions T = T + N^^i^t), (D), and (R) are 
fulfilled. According to Proposition [HI T + Nl £ ^{X) and from Lemma|n](ii), 
G ^(M). Condition (H) follows from relation ([TT]) in Theorem [201 (hi) for 

t = 0. 

Conversely, note that (R) ^ (D) and T has w* —closed convex values when- 
ever (H) or (D) holds. According to Theorem [Ml it suffices to show that 
T + Nl £ Ji{X) for ever line L C aff i:>(T) with L n TiD{T) ^ 0. To fix 
notation, let L ~ L{z;v) with z G ri_D(T). According to Lemma [HI (ii) we 
need to show that U :— 3'h,z G ^(K). To this end we use Theorem [20l Both 
(H), (D) imply via Proposition [TUl (i) that U has closed convex values. Also, 
intD((7) =: {ct.bj) 3 0, because z G riD(T). Condition T = T + N^f^T) trans- 
fers to U via Lemma [T^ and it clearly yields that U{a) = U{a) -|-M_, whenever 
a G D{U) and U{lu) = U{uj) +R+, whenever w G -D(?7), since Nya,u\{a) = 
^[a,tj]('^) R+, that is, (F) holds. 

If (D) is true then, according to Proposition [TUl (ii), U is closed. In this case 
the conditions in Theorem [501 (ii) are met so ?7 G ^{R) and we are done. 

If (H) holds, to conclude by using Theorem [501 (iii), it remains to prove that 
dni), dm) hold. 

Note that v G S'ri£i(y)(z + tv) for a < t < lo and —v G S^iu^t^{z + tv) for 
a < i < w; while z + tv £ D{T), for every t G [a, uj] fl M. According to p6|. for 
every a < t < w 

inf [/((t, +oo)) = inf inf {v,x*) < sup (w, a;*) = sup C/(t). 

and for every a < t < lo 

sup ?7((— oo, i)) = sup sup {v,x*) 
i<t x*eT{z+ev) 

= — inf inf {^v,x*) > — sup {—v,x*) = miU{t). 

h>Ox'eT(z+tv+h{-v)) x'£T(z+tv) 



A stronger form of condition (H) in the previous theorem has been proven in 
pn Lemma 40.1(d)] for T G ^{X) on int -D(T). Similar continuity properties 
of this form are studied in our sixth section. 

If X is finite-dimensional then (D) together with the monotonicity of T 
provide (H) as seen in the proof of Theorem [191 Hence all versions of Theorem 
[251 are extensions of Theorem [T9l It is clear that at least for x G intL'(T) the 
demiclosedness of T implies the second part in (H) due to the local boundedness 
of T at X. 

Our next aim is to make conditions (H) and (D) in Theorem 1251 as disjoint 
as possible. 
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Theorem 26 Let X be a Banach space and let T G M{X) he such that D{T) 
is nearly- convex. Then T € ^{X) iff 

{C)T^T + Nd(t), 

(H') T has w* — closed convex values and for every x € D{T) \ i\D{T), v G 

mi inf {v,x*) < sup (17) 

h>Q x'£T(x+hv) x'eT(x) 

(D') T is demiclosed on li D{T). 

Proof. Assume first that a.S D{T) = X. We plan to use Theorem there- 
fore it suffices to show that ([TO)) holds for x G intZ?(r) and for every v G 
Sint D{T){x) = Assume by contradiction that for a fixed x G int I?(T) there 
is w G X such that does not hold. Taking Remark |S] into consideration, 
this entails the existence of eo > such that 

{v, X*) > {v, y*) + eo, V/i > 0, a;* G T{x + hv), y* G Tx. (18) 

Take ft-i J, such that for every i, x + hiV belongs to the neighborhood of x on 
which T is bounded. Hence any net {x*)i with x* G T{x + hiv) is bounded. 
Eventually on a subnet, denoted by the same index for simplicity, x* z* G Tx 
weakly-star in X*, by the demiclosedness of T. We obtain a contradiction if we 
use (|18p for h ~ hi, x* — x*, and y* = z* and pass to limit. 

In general we may assume that G afFD(T) =: F. The above argument 
applies to Tp via Propositions [71 because (C) provides T = T+Np. Therefore 
Tp G ^{F) and T G .-#(X) via Lemma [H ■ 

Proposition 27 Let X he a Banach space and let T G M.{X) he such that 
coveD{T) ^0. If T is demiclosed and Tx is unbounded for every x G D{T) \ 
core D(T) then T is NI, vaiD{T) — core D(T), D{T) are convex; in particular 
D{T) is nearly- convex. 

Proof. Fix y G core D{T) and y* G Ty. For every x e X, set := {s G [0, 1] 
tx + {l — t)y G D{T), \ft G [0, s]}, Sx '■— sup Sx, and z^ := SxX-\- {1 — Sx)y. Then 
< < 1 and Zx G D{T)\ core D{T). 

Assume by contradiction that T is not NI that is ipT{x,x*) < c{x,x*) for 
some {x,x*) e X x X*. Then x ^ D[T) since D{T) x X* CZ [ipr > c] (see 
e.g. [231 Proposition 3.2 (i)]). For every s G Sx, let t := s/sx G (0,1]. Then 
tZx + (1 - t)y G D{T). Again, using D{T) x X* C [ipr > c] one gets 

t(pT{zx, X*) + (1 - t)c{y, y*) = tiprizx, x*) + {1 - t)ipT{y, y*) 

> ipriti^x, x*) + {l- t){y, y*)) = ^ritzx + {1 - t)y, tx* + (1 - t)y*) 

> c{tz^ + (1 - t)y, tx* + (1 - t)y*) 

= tc{z^, X*) + (1 - t)c{y, y*) - t{l - t)c{z^ -y,x* - y*). 

This yields lpt{z,x*) > c{zx,x*) - (1 - t)c{zx — y,x* ~ y*). After we let 
s — > Sx, i.e., t — ?> 1, we get ipxizx, x*) > c{z, x*), from which z^ ^ x. 
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Let M be a maximal monotone extension of T U {{x, x*)}. Then from x G 
D{M), y e core i:'(M) = int D{M), and z^: ^ x we know that G int D(M). 
Therefore M and T are locaUy bounded at z^. The demiclosedness of T imphes 
that Zx £ D{T) so T{zx) is non-empty bounded in contradiction to one of our 
assumptions. Therefore T is NI. 

In this case we know that TZ :— [iJjt — c] is the unique maximal mono- 
tone extension of T (see [211 Proposition 4 (iii)]), D{Tl) C cl(conv _D(T)) since 
domipT C clsxu)* conv(GraphT), intD(7^) = coreDiJZ) ^ 0, and I?(7^) is 
nearly-convex (see [271 Corollary 3] or [TSl Theorem 1]). 

Take x £ int D(TZ)\D{T). Then z^ ^ x and z^ S int D{n) since int D{n) is 
convex and contains y. Therefore the operators TZ and T are locally bounded at 
Zx and Zx £ D{T) because T is demiclosed. Thus we reach at the contradiction 
Zx G D{T) \ core D{T) and T{zx) is non-empty bounded. 

Henc e int D {n) C D{T) C D{n)] whence D{T) = D{n) is convex and 
D{TZ) C D{T) because D{TV) is nearly-convex. Again, for every x G vatDiJV}, 
TZ and T are locally bounded at x and x G -D(r) due to the demiclosedness of 
T, that is, int Djll) C £'(T). This yields that int D{T) = int D{n) = core D{T) 
is convex and D{T) = D{TZ) = cl(int D(T)). ■ 

Remark 9 The unboundedness of an operator T : X ^ X* at every x G D{T)\ 
C0TeD{T) does not transmit to its restriction T^^g d^j^j.^ even thoughri D(T) ^ 0. 
Indeed, take F C X a proper closed linear suhspace and T — F x F^ . Then 
Tx = F-^ is unbounded, for every x G F while Tp = F x {0}, i.e., Tpx — {0}, 
for x £ F. 

Lemma 28 Let {X, \\ ■ ||) be a Banach space, let T G AA{X) be such that 
core -D(T) ^ 0, and let x G D{T) \ core _D(T). Consider the conditions 

(i) Tx is unbounded; 

(ii) sup{(a; — y,x*) \ x* G Tx} = +oo, for every (some) y G core Z?(T). 
Then (ii) (i). //, in addition, int _D(T) = core _D(T) then (i) (ii). 

Proof, (ii) ^ (i) Let y G coreL'(r) be such that sup{(x — y,x*) \ x* G Tx} = 
+00. Since x ^ y and [x ~ y,x*) < \\x ~ y\\\\x*\\, this gives sup{||a;*|| | x* G 
Tx} = +00. 

(i) (ii) For every y G int D{T) let M,r>0 be such that y + rBx G ^'(r) 
and II J/* II < M, for every y* G T{y+ru), u G Ex- The monotonicity of T implies 
that (x — y — ru, x* — y*) > 0, for every x* G Tx, y* G T(y -I- ru), u G Bx- This 
yields {x — y, x*) > r{u, x*) — \\x — y — ru\\ \\y*\\, for every x* G Tx, y* G T{y + ru), 
u G -Bx; followed by {x—y, x*) > r{u, x*) — {\\x—y\\+r)M, for every x* G Tx, u G 
Pass to supremum over u G Bx to get {x — y, x*) > r\\x* \\ — {\\x — y\\+r)M, 
for every x* G Tx; whence sup{(x — y, x*) \ x* G Tx} — +oo. m 

The advantage of condition (ii) in the previous lemma is that it transmits 
to T^sD{T),z] thereby allowing to relativize Proposition [7fl 
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Proposition 29 Let X he a Banach space and let T E M{X) be such that 
''^D(T) ^ and T ^ T + -/Vaff£)(T)- If T is demiclosed and for every x G 
D{T) \ ^"DiT) there is y e '""DiT) such that sup{{x - y, x*) \ x* G Tx] ^ +00 
then T^ffD(T),z NI, for every z £ aS D(T) and D{T) is nearly- convex. 

Proof. If afF D{T) = X the conclusion follows from Proposition B71 and Lemma 
?IE[ In general we may assume that G F := aff D{T) otherwise we replace T 
by with z £ aSD{T). Note that Tp is demiclosed due to T = T + Np and 
Proposition [71 Also sup{(a; - y, f*) \ f* & Tpx} = sup{(a; ~ y,x*) \ x* e Tx} = 
+00 which allows the conclusion for Tp- Therefore Tp is NI and D{T) is nearly 
convex. ■ 

The following results are versions of Theorems [531 [211 mainly by relaxing 
condition (C). 

Theorem 30 Let X be a Banach space and T : X ^ X* be such that ^'^D{T) ^ 
0. Then T G ^{X) ijfT — T + Ng^g d{t), T is representahle, and for every x G 
D{T) \ "'D{T) there is y e ""D^T) such that sup{{x - y, x*) \ x* G Tx} = +00. 
In this case '^'^D{T) = viD{T) and D{T) is nearly-convex. 

Proof. For the direct implication if T S ^{X) then T is representable with 
'''DiT) = riD(T) and D{T) nearly-convex (see [27, Corollary 3]) and every 
X e D{T)\riD{T) is a support point of D{T), i.e., there is u* £ Np,(T)X, u* ^ 0. 
This makes Tx unbounded because Tx = Tx + Npx^x)^ and so sup{(a: — y,x*) \ 
X* e Tx} = +00, for every y G ^''D{T). 

Proposition [511 may be used for the converse implications since every rep- 
resentable operator is monotone demiclosed to find that Tp is NI and D{T) is 
nearly-convex, where we may assume without loss of generality that G -F := 
aSD{T). 

Lethe 7^T. Consider g(a;,/*) = M{h{x,x*) \x*\p = /*}, (xj*) e FxF*. 
According to [23J Theorem 5.1], g G TZtf since h^hP < ipx (see [24', Remark 3.6] 
or dZl (5)]) which yields Prx(dom/i*) C Prx(domV'T) C D{T) C F because 
D{T) is nearly convex. Hence Tp is representable and from |22] Theorem 2.3] 
we know that T G ^{F). Again, Lemma [2l provides T G ^(X). ■ 

In particular, the previous result can be used to reprove Theorem 1251 under 
the (R) assumption. 

Corollary 31 Let X be a Banach space and T : X ^ X* be such that D{T) 
is algebraically open (that is, D{T) = ^'^D{T)). Then T G ^(X) iff T = 
T -\- Ng^ff D(^x) o,i^d T is representable. In this case ^'^D[T) = ri D{T) and D{T) 
is nearly-convex. 

Remark 10 One wonders whether, in the previous results, the contribution 
0/ 2^|£)(T)\'=D(T) could be avoided. Let T G ^{X) with 'mt D{T) ^ 0. In 
general, would the NI type and representability transmit from T to T|int_D(T) ? 
The answer is negative. For example, take C C. X closed convex with intC 7^ 0. 
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Then Nc & ^{X) (so it is NI and representable) while A^clintc = intC x {0} 
is neither NI (because it is not unique; X x {0} and Nq being two different strict 
maximal monotone extensions of Nc\intc) ^or representable (since otherwise, 
according to Corollarv \31[ Nc\intc G ./^{X)). 

In the next result we avoid condition (C) completely. 

Theorem 32 Let X be a Banach space and letT : X ^ X* be dual-representable. 
Consider the conditions 

(i) D{T) is nearly- convex, 

(ii) ^'^D{T) is non-empty convex, and D{T) C cl('^_D(r)), 

(iii) Prx (doni ft,) ^ 0, for some h G Vt, 

(iv) T G ^{X). 

Then (i) <:=^ (ii) 4^ (iii) (iv). 

Proof, (i) ^ (ii) is straightforward. 

(ii) ^ (iii) Every h e Vt has h < ipx] therefor e '"Dj T) C D(T) C 
Prx(dom/i) C Prx(doniV'T) C D{T) = di^^DiT)) since D{T) is convex. This 
implies that aff (Prjf (dom /i)) = aff D(T) and ""DIJ) Prjf(dom/i) ^ 0. 

(iii) => (iv) It suffices to prove that T is NI. To this end we show that 
X G D{T) whenever z — {x,x*) is m.r. to T. 

Eventually by making a translation we may assume without loss of generality 
that e *'=Prx(dom/i). 

Let / G A(R2) be given by f{t,s) = mi{h{v,y*) \ {y,y*) G C(t,s)}, where 
C : R2 =^ Z, {y,y*) G C{t,s) iS y ^ tx, {x,y*) = s. Note that C is linear 
and sr2 X {sx x w'^, )— closed. Since h G r(Z) and D := ImC — domft = 
{Rx - Prx(dom/?,)) x X* has aff£» = {Rx - aff (Prx(dom ft.)) x X* closed, 
because aff(Prx(domft) is closed and Ma; is finite dimensional, we get G ^'^D. 

According to ^28j Theorem 2.8.6 (v)], one gets 

f*{s,t) = inm{h*{y*,y**) \ (s,t) G C*iy*,y**)}, (s,i) G ■ 

Since is,t) G C*{y*,y**) iSy**^tx, {x,y*) = s one gets /°(t,s) = f*is,t) = 
mm{h^{tx,y*) \ {x,y*) — s}. Note that since / > c, we have /^^ = cl / > c 
and /° G ^[/D^c]- From Ifl Theorem 3.1] we know that [f° = c] G ^(R^). 

Note that from G one finds that for every {t, s) G [f^ ~ c] there is 
y* G T{tx) such that {x,y*) — s. Since z — {x,x*) is m.r. to T and implicitly 
to {tx, y*) we get (1 - t){{x, x*) - s) = {x - tx, x* - y*) > 0, that is (1, {x, x*)) 
is m.r. to [/'-' = c]. Hence there is y* G T{x) such that {x,y*) = {x,x*); in 
particular x G domT. 

(iii) (iv) Whenever (iii) happens we know that T G ^{X). From [27l 
Corollary 3] we have that *'=Prx(domft) = '^^(T) = riD(T) and; whence D{T) 
is nearly-convex. ■ 
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Remark 11 Under the assumption G "^Prx(dom/i) for some h € Dt the 
implication (Hi) =^ (iv) has been previously proved in Theorem 3.1]. The ad- 
vantage of our argument for (Hi) ^ (iv) is that, besides its brevity, it works for X 
merely a locally convex space under the modified assumption that Pr^ (dom h) ^ 
0, for some h £ T>t, where for S C X , ^^S = if the linear subspace parallel 
to aff S is barrelled, ^''S = otherwise. 

6 Continuity properties 

Proposition 33 Let {X, || • ||) be a normed barrelled space and let A C X* be 
non-empty, w* — closed, and convex. Then int(doincr^) ^ iff there exist y G X, 
/3 G M such that {y, x*) > \\x* \\ + (3, for every x* G A. 

Proof. Assuming that xq G int (dom cTyi), aA is continuous at a;o; whence, for 
some r > 0, f{u) := aA^Xo + u) < 7 < 00, for every u G rBx or equivalently, 
/ < IrB^ +7- Therefore f*{x*) = Ia{x*) - {xo,x*) > {Ub^ = 
r\\x*\\ — 7, for X* G X*. This impUes {y,x*) > \\x*\\ + /3, for every x* G A, 
where y = —{l/r)xo, j3 — — 7/r. 

Conversely, assume that, for some G X, /3 G M, {y,x*) > \\x*\\+/3, for every 
X* G A Thenh{x*) -.^ Ia{x*) + {y,x*) > g{x*) ~ ||a;*|| +/3, for every x* eX*, 
followed by h*{u) = (t^(— y + u) < g*{u) = Ibx{u) ~ /?, for every u G X, that 
is, aA(—y + u) < — /3, for every u G Bx- This yields — y G int(dom(T^). ■ 

Lemma 34 Let {X, || • ||) &e a normed barrelled space and let A <Z X* be non- 
empty, w* — closed, and convex with [a a < 0] ^ 0. Then int[(T^ < 0] ^ i/f 
int(domo-yi) ^ 0. 

Proof. While the direct implication is straightforward for the converse let 
y G int(dom(TA), x G [cta < 0], and r, M > such that aA{y + ru) < M < 00, 
for every u G Bx (since aA is continuous at y). Fix 1 > t > M/{M — cta (a;)) 
and let xt :— tx + (1 — t)y. We have 

aAixt + {l-t)ru) = c7A{tx+{l-t){y + ru)) <taA{x) + {l-t)M < 0, 'iueBx, 
which shows that Xt G int([CTA < 0]). ■ 

Proposition 35 Let {X, \\ ■ ||) be a normed barrelled space, let T G AA{X) 
be such that intD(T) ^ 0, and let x G X, x* G X* be such that Tx is 
w* — closed convex and x* ^ Tx. Then int[CTT2: < x*] 0. //, in addi- 
tion, Tx = Tx + N]j('x)X and D(T) is nearly-convex then int[CTTa; < x*] C 

mtTD(T)X = SintD(T)ix). 

Proof. If x ^ D{T) then axx — —00, [utx < x*] — X, and the conclusion is 
trivial. If a; G D{T) let A := Tx — x* . A simple separation argument shows 
that [a A < 0] = [ctx < x*] 7^ 0. According to Lemma [Ml and Proposition [331 it 
suffices to show that for some y € X, fi gR one has {y, y* -x*) > \\y* - x* \\ f3 , 
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for every y* G Tx. Equivalently, we need to show that there exist y G X , /3 G M. 
such that 



Fix z E int D{T) and let M,r > be such that z + rBx C D{T) and ||z*|| < M, 
for every z* G T{z + ru), u G Bx- The monotonicity of T provides 

{z + ru~ X, z* — y*) > 0, Vz* G T{z + ru), u G Bx, y* G Tx. 

This yields (a; - z,y*) > r\\y*\\ - M(||z - a;|| + r), that is, (dH) holds with 
2/ = - z), /3 = -A//r(||z - a;|| + r). 

If, in addition, Tx ~ Tx + Nj^^x^x and D{T) is nearly-convex then [cxa; < 
x*] C {Njji^x)^)^ — Tjy^x — cl(int T-QpTyx) — clS'int_D(T)(2;)- Therefore 

int[crTa; < X*] C iut (cl 5i„t D(T) (a:) ) = SintD(T){x)- ■ 

Remark 12 The previous results allow us to present a different argument for 
the converse of Theorem [1^1 

Indeed, recall from Provosition \16] that TZ := [^t = c] is the unique maximal 
monotone extension of T and D{T) = D{TZ) is nearly- convex. We may assume 
without loss of generality that aS D{T) = X. It suffices to show that T ^ IZ. 
Assume by contradiction that there is {x,x*) G Tl such that x* ^ Tx ^ 0. 
According to Proposition \35\ condition T = T + A^d(t) provides ^ int[aTx < 
X*] C SintD(T){x). Take v G int[crTa; < x*]. Since v G ^int li(T) (a;) we know 
that L{x,v) n intZ?(r) ^ 0, so, as seen in the proof of Provosition \lb\ there 
is y* G Tx such that {v,x*) — {v,y*) in contradiction with v G [utx < x*\. 
Therefore T ^ IZ E J({X). 

The following conjecture is stated in [3J p. 21]: - Every maximal mono- 
tone operator with a non-empty domain interior and defined in a Banach space 
is strongly X bounded weakly-star closed. A stronger form of this conjecture, 
namely the closedness property with respect to the strong x weak-star topology, 
is known to hold for the normal cone to a closed convex set with non-empty in- 
terior (see e.g. [71 Corollary on p. 58]). The next results give a positive answer 
to the mentioned conjecture in a relaxed context. 

Theorem 36 Let (X, || • ||) he a normed barrelled space and T G M.{X) be such 
that int D(T) ^ 0. Let {(xi, x*)}ii=i a T be a net indexed on the directed set 
(Ij such that Xi — >■ Xq, strongly in X . Then there exist 7 > 0, /3 G M, Jq G / 
such that the following "a priori" estimate holds 



As a consequence we have the following two cases 
(i) //limsupjg/(xo, a;*) < 00 then, for some index i' G /, {a^*}i>j' is bounded in 
X*. If, in addition 

(a) T is demiclosed then xq G D{T); 

(b) T is demiclosed and x* — ?> Xq, weakly-star in X* then (xo,a;Q) G T. 



{y,y*) > \\y*\\+/3, Vy* g Tx. 



(19) 



{xo,x*)>j\\x*\\+l3Wi>io. 



(20) 
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In particular, every monotone demiclosed operator with a non-empty domain 
interior is stronglyx weakly-star closed. 

(ii) If limsup^^ J {xo,x*) = oo then, at least on a subnet, \\x*\\~^x* — > w* S 
Nd{T)^o weakly-star in X*, and {xo,u*) > 7. 

Proof. See the published version. ■ 

Theorem 37 Let X be a Banach space and let T G Ad{X) be demiclosed with 
T\D{T) 7^ and T = T + -/V^ff . Then T is s x w* ^ closed in X x X* . 

Proof. Assume without loss of generality that G F afF D{T). According to 
Proposition El Tp £ M{F) is demiclosed and int D{Tf) = riL»(r) ^ 0. From 
Theorem [36l Tp is s x w*— closed in x i^*. Proposition [6] completes the proof. 
■ 

Theorem 38 Let X be a Banach space and letT £ ^{X) be such that^'^D{T) ^ 
0. Then T is s x w* — closed in X x X* . 

Proof. Again we may assume that £ F aSD{T). Since T e ./£{X) we 
know that T is demiclosed, riD(T) = '=D(r) 7^ 0, and T = T + Np- The 
conclusion follows from the previous theorem. ■ 

It is common knowledge that a maximal monotone operator with a non- 
empty domain interior and defined in a Banach space is stronglyx weakly-star 
upper semi-continuous on the interior of its domain (see e.g. |12l Theorem 
6.7, p. 55], [S Proposition B, p. 113], or ^ Theorem 2.5 (i), p. 155]). For 
completeness we include a proof of this result in a slightly relaxed context. 

Theorem 39 Let X be a normed barrelled space and let T £ M.{X). If T is 
demiclosed then T is s x w* — upper semicontinuous at every x G core D{T). 

Proof. Assume that T is not s x w*— upper semicontinuous at some x G 
core D{T), that is, there is a w*— open set V D Tx, strongly in X, 

and a;* G Txn such that a;* ^ V, for every n > 1. For n large enough, x„ G U, 
where U is the neighborhood of x on which T{U) is bounded. Therefore (a;* )„ is 
bounded and eventually on a subnet, denoted by the same index for simplicity, 
a;* x* weakly-star in X*. Then a;* G Tx since T is demiclosed and x* ^ V 
because V is w*— open. This spells the obvious contradiction Tx ^ V. m 

It is easily verifiable that the s x w*— upper semicontinuity of a maximal 
monotone operator T does not necessarily hold on the boundary of D{T) even 
though the context is finite dimensional. For example take B the closed unit 
ball in endowed with the usual euclidean inner product "(•,•)" and norm 
"II • II". Then Nb is not upper semicontinuous at any a; G with ||x|| = 1. 
Indeed, Nbx — R+a;, for every ||a;|| — 1 and for every t > 0, \\y\\ = 1, 
d := dist{ty,R+x) = t^\ - {x,y)^. Hence for W := \B., V Nbx -f W 
(a neighborhood of Nbx), and every U a neighborhood of x we pick y (z U with 
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\\y\\ = l,y^x{so {x, y) ^ 1), and t = {1 - {x,y)^)-^/\ Then ty e NeiU) and 
ty due to dist(ij/, R+x) = 1. 

/ Nbx 




However, in a finite dimensional settings a different form of the s xzz;*— upper 
semicontinuity, namely, the (Q) (or Cesari) property holds for maximal mono- 
tone operators (see e.g. [13', Lemma 3.2], [H]). Our final aim is to extend the 
(Q) property to an infinite dimensional context. 

Recall that T : X ^ X* has property (Q) (or is upper '^S' — semicontinuous) 
at X € X (with respect to the s x w*— topology on X x X*) if for every net 
{xi}ig/ C X such that Xi — > x, strongly in X we have 

Pi cU. (conv IJ Txj) C Tx. 

Clearly, property (Q) (as well as the s x w*— use property) at x has substance 
only when x S D{T) and, at least on a subnet, {xi}i C D{T). The operator T 
has property (Q) if it has property (Q) at each x ^ X. 

Theorem 40 Let X he a normed barrelled space and let T G ./#(X) be such 
that core _D(T) ^ 0. Then T has property (Q). 

Proof. Let cc G X, let {xijig/ be such that Xi — ?> x, strongly in X, and let 
X* e niG/Cl«.-(convUj>,Ta;j). 

For every i E I there are k :— ki, I 5 ji,--,jk > i, x*^ € Txj^,.., x*^ S 

Txj^, Ai,..,Afe > such that X^fci ~ ^ ^'^^ y* :— '^e^i^ex*^ satisfies 
\{x,y* - x*)\ < 1. Pick an index p e {1, .., fc.;} such that {x,x*J < {x,y*) (such 

an index exists since {x,y*) — X^fci ^i{XiX*^)) and denote jp by ^p{i). In this 
way we generate a map ip : I ^ I such that (p(i) > i, for every i d I and 
a net {(a;^(i), a;* C T such that {a;^(i)}jG/ is a subnet of {xjig/ and 
supjg/(a;, a;* ^j^) < {x,x*) + 1 < oo. According to Theorem [36] (i) , x G D[T), 
since T is demiclosed. 

Assume, by contradiction, that x* ^ Tx. Under our assumptions we may 
apply Proposition [35] to get v G int[crT2: < a;*] C miTj^ii^x-^x. Let eg '■= — 
<^Tx{v))/2 > 0. As previously seen, for every i E I there are k :— ki, I 9 
ji, ..,jk > i, x*^ e Txj^,.., x*^ e Txj^, Ai, .., Afc > such that X^Li = 1 and 
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y* := X^fci ^^^je satisfies \{v,y* — a;*)I < eo- Pick an index p G {1, .., h} such 
that {v,x*^) > {v,y*) and denote jp by ip{i) to generate the map Lp : I ~^ I 
with the properties ip{i) > i, for every i e /, , a:* (^pjie/ C T, a;^(i) ^ x, 

strongly in X, and 

inf(«-4w) > («,2;*)-eo. (21) 
According to Theorem [551 there exist 7 > 0, ^ G M, zo ^ ^ such that 

(x,x;(,;))>7||x;(,)||+/3Vz>io. (22) 

If hmsupjgj(a;,a;*j.,-^) < cx) then, from Theorem [5^1 (i)j {2^^(i)}i>j' is bounded 
so, at least on a subnet, a;*(j-) x*q ^ Tx, weakly-star in X*. Passing to limit 
in leads to the contradiction axxi'v) > {v, Xq) > {v, x*) — — (Jtx{v) + cq. 

Therefore, at least on a subnet, denoted for simplicity by the same index, 
limig/(a;, x* j.^^) — limig/ Hx* || = oo. From Theorem 1361 (ii) we know that 
e No(T)X, weakly-star in X*, and {x,u*) > 7. Divide 
(PT|) by and pass to limit to obtain {v,u*) — due to the fact that 

V e Td(t)X = {Nd(t)x)~. 

Take (5 > such that u-f (5a; G rD(T)a;. If lim supjgj(u-|-(5a;, a;* ^^^) > —00, i.e., 
at least on a subnet, {{v + 6x, a:* is bounded from below: (v + 5x, a;* ^^-j) > 
C > —00, for every i £ I. Divide again by ||a:*^j-j|| and pass to limit to find 
the contradiction 6^ < (v + Sx, u*) = 0. Therefore limig/(i; + Sx, 2;* j-jj) = —00 
from which we get, taking (|2ip into account, that limig/(a:, x* ^^j) = —00, which 
contradicts (12^ . The proof is complete. ■ 

Theorem 41 Let X be a Banach space and letT G ^{X) he such that^^ D{T) ^ 
0. Then T has property (Q). 

Proof. As usual assume that G F aff _D(r). Since T G ^{X) we know 
that Tf G J^{F), int D{Tf) = t\D{T) = '''D{T) ^ 0, and T = T+Np. Accord- 
ing to Theorem HOI Tp has property (Q) with respect to the ,s x w*— topology 
on F X F*. 

Let X G D{T), let {a;^};^/ C D{T) be such that Xi x, strongly in X, and let 
X* G r\iei'^^w'iconv\J^y-Txj). Then x*\f G f]^^j c\w*{couv\Jj^-TFXj) due 
to the continuity of l* : {X*,w*) {F*,w*), l*{x*) = x*\f- Hence a:*|i;' G Tpx, 
that is a;* G Ta; + = Ta;. ■ 
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